Abstract-We propose an efficient method to accurately compute the frequency-dependent impedance of VLSI interconnects in the presence of multilayer conductive substrates. The resulting accuracy (errors less than 3%) and CPU time reduction (more than an order of magnitude) emerge from three different ingredients: a 2-D Green's function approach with the correct quasi-static limit, a modified discrete complex images approximation to the Green's function, and a continuous dipole expansion to evaluate the magnetic vector potential at the short distances that are relevant to VLSI interconnects. This approach permits the evaluation of the self-impedance and mutual-impedance of multiconductor current loops, including substrate effects, in terms of easily computable analytical expressions that involve their relative separations and the electromagnetic parameters of the multilayer substrate.
I. INTRODUCTION

A
S VERY large scale integration (VLSI) technology continues to scale, the number of wires in an integrated circuit, as well as their impact on circuit delay, noise, and power dissipation, increases rapidly. Hence, parasitic extraction techniques that are computationally efficient as well as reasonably accurate are indispensable. However, interconnect parasitic extraction presents a challenging task owing to the sheer size of the problem both in terms of computation time and required memory. The complexity of the problem is further compounded as lithography scaling enables faster transistors, driving maximum signal propagation frequencies on interconnects into the 20-to 100-GHz range [1] . In this enlarged frequency regime, it is imperative to analyze the effect on interconnect circuit parameters arising from the presence of complex substrate structures underneath the interconnect layers. The underlying physics is not difficult to visualize. Transient currents in interconnects are the sources of timevarying magnetic fields, which, in turn, induce currents in other interconnects as well as eddy currents in the lossy substrate. The presence of these eddy currents modifies the impedance matrix [Z] of the interconnects.
At high frequencies, the effect of a low-resistivity substrate on interconnect impedance (Z = R +jωL) is a matter of significant concern [2] . Often, a very high resistivity (∼1000 Ω · cm) substrate is used (underlying a low-resistivity surface layer for active devices) in radio-frequency or mixed-signal ICs [3] to substantially decrease the importance of substrate eddy currents. However, low-resistivity substrates continue to be used for latch-up avoidance [2] . Hence, to efficiently and accurately compute the impact of the multilayer substrate on interconnect impedance, we are compelled to introduce a parasitic extraction methodology that incorporates this effect.
We investigate the problem of frequency-dependent selfimpedance and mutual-impedance extraction for interacting conductor loops in a VLSI circuit in the presence of a multilayer conductive substrate, as schematically shown in Fig. 1 . Prevalent interconnect extraction tools are too expensive in terms of computation time and/or memory to handle this problem. For example, in the industry standard tool FastHenry [4] , which uses the free-space Green's function, the substrate must be specified as an explicit conductive layer(s) demanding several thousands of filaments at high frequencies. The resulting linear system is rapidly overwhelmed by the size requirements related to the partitioning of the substrate even for single-layer substrate media. This constitutes orders-of-magnitude overhead in computation time and memory requirement even for the simplest interconnect configurations.
A natural alternative is to construct a modified Green's function, wherein the substrate's presence is implicitly reflected through the boundary conditions. No explicit reference to the substrate remains while computing the fields above it-only the interconnects need to be considered explicitly-thereby enormously reducing the dimensionality of the linear system. However, these implicit Green's functions are themselves more expensive to compute.
In the partial element equivalent circuit (PEEC) quasi-static formalism [5] in two dimensions, several authors have studied implicit Green's functions with a single open current-a magnetic monopole-as the current source above the substrate [6] , [7] . These works utilize a complex image approximation to the Green's function, which works well for antenna applications with large separations between the source current and the observation point [8] , leading to analytical expressions. For shorter separations, as relevant to VLSI applications, these approximations become inaccurate, as discussed in Section II. Another approach presented in [9] includes more complex approximations that are computationally expensive. The different approaches to compute the implicit Green's function, as well as their shortcomings, are briefly reviewed in Section II. We are interested in an alternative that is accurate yet computationally inexpensive.
For VLSI interconnect parasitic extraction, we rely on a loop-impedance formalism [10] , leading to the correct physical behavior of closed on-chip currents. In this approach, the longdistance behavior of impedance parameters falls off as a power law, instead of the unphysical logarithmic behavior in the PEEC [5] . Hence, in the loop formalism, the separations between conductor loops with appreciable mutual impedances are upperbounded by a few tens of micrometers [11] for current and future technology nodes, and larger separations can be neglected.
We are interested in computing the high-frequency impedance matrix for interconnects that are sensitive to inductance effects. The length of such interconnects is greater than 100 μm [1] , which is much larger than the transverse separations where mutual impedance is appreciable. Hence, a 2-D treatment of these interconnects is valid. Fig. 2 shows that the error in loop impedance due to the 2-D approximation is small when the conductor lengths exceed 20 times the transverse separations between them.
For the impedance extraction of Manhattan interconnects (see Fig. 18 ), the collection of a signal wire and its return paths is partitioned along their length to form bundles [10] , such that all wires in a bundle have the same length. As discussed above, the common length of the conductors in a bundle must be at least 20 times larger than the separations between them to permit the 2-D approximation. Timing-critical global interconnects that are designed to keep inductive effects under control often satisfy this constraint. In this case, the self-impedance of each bundle and the mutual impedance between adjacent parallel bundles can be computed using a 2-D approach. Bundles that are perpendicular to each other have no mutual interaction, whereas the mutual impedance between bundles that are far apart can be neglected. The approach described in this paper can, thus, be applied to Manhattan VLSI interconnects 1 subject to the constraint that each segment of the Manhattan wire is long and has nearby return paths.
To describe the current-loop interactions, in Section III, we compute the Green's function for a magnetic dipole in the presence of a multilayer substrate. This Green's function describes the 2-D problem in the magneto-quasi-static (MQS) approximation [12] , which allows us to neglect displacement currents when the length scales of interest are smaller than the wavelength of light in the medium. Up to the maximum frequency of interest for VLSI technology (100 GHz), a quasi-static computation of the magnetic vector potential is justified since the minimum wavelength (> 1.5 mm) is larger than the relevant transverse dimensions of the interconnect geometry. However, the skin depth of the substrate layers is often of the same order as the wavelength. Hence, the quasi-static assumption used in this paper is later validated by comparing with a full-wave field solver (see Fig. 15 ) after reintroducing the electric field generated by the displacement currents. Furthermore, in Section III, we propose a modified discrete complex images approximation that leads us to analytical expressions for the Green's function.
In Section IV, we present the computation of the impedance matrix. For the short separations that are relevant to loopimpedance computations, we use a superposition principle that is applied to source dipoles, leading to analytical expressions for the self-impedance and the mutual-impedance between conductor loops under the modified discrete complex images approximation. Finally, in Section V, we compare the accuracy of our results with industry standard electromagnetic field solvers and show the computational efficiency of the substrate Green's function approach. In brief, we present a new analytical formulation to compute the loop-impedance matrix for general VLSI interconnect configurations in the presence of a multilayer conductive substrate. The maximum deviation of our results compared with FastHenry [4] is less than 3% for realistic interconnect configurations. Concluding remarks are given in Section VI.
II. BACKGROUND
The 2-D quasi-static Green's function for an elementary excitation consisting of a single monopole current in the presence of a stratified substrate has been discussed in [6] . The configuration is shown in Fig. 3(a) , where a single-line current (monopole source) at coordinates (x , z ) lies above a three-layer conductive substrate. Translational invariance of the Green's function permits us to place the source at x = 0 without any loss of generality.
The monopole Green's function G 0,mono (x, z, x , z ) for the magnetic vector potential A(x, z) in region R 0 (above the substrate) satisfies
Since there are no sources inside the substrate layers (regions R i , i > 0), each of which has conductivity σ i , permittivity i , and permeability μ (relative permeability of all regions μ r ≈ 1), the Green's functions in these regions satisfy
Solving (1) and (2) using the boundary conditions
at the interface boundaries between different regions results in the Fourier integral expression for G 0,mono (x, z, x , z ), which has been derived elsewhere [6] , [7] , [13] , [14] , i.e.,
The function g N (λ), which characterizes the substrate contribution for an N -layer substrate, has the functional form
where the terms Q N (λ) are easily derived and are dependent on the properties (σ, , μ) of each substrate layer. For the simplest case of a one-layer substrate (N = 1) extending to z = −∞ (occupying a half-space)
The quantity γ 2 1 = jωμ(σ 1 + jω 1 ) depends on the frequency ω and substrate properties-permeability μ, resistivity ρ = 1/σ 1 , and permittivity 1 . The first term in the integrand in (4), which represents the source contribution in free space, is analytically integrable. The second term, which represents the substrate contribution and involves g N (λ), cannot be integrated analytically. Several techniques have been proposed to compute the Green's function (4), which we briefly review in Section II-A.
A. Computation of the Substrate Green's Function
A straightforward approach to evaluate the substrate Green's function is to use numerical integration techniques [14] . However, this approach is computationally too expensive to handle complex VLSI interconnect configurations that typically consist of millions of wires. Alternative approaches to compute this Green's function, as discussed in the following paragraphs, approximate the term g N (λ) in (4) with suitable expressions that make the substrate contribution to the Green's function analytically integrable.
1) Approximate Complex Image Method (ACIM):
In this approach [8] , g 1 (λ), for a one-layer substrate, is approximated by its Taylor series expansion around λ = 0, leading to the expression [6] 
Keeping only the first term in the series expansion, (4) becomes
The expression in (8) is analytically integrable. The first exponential term arises from the source (line current) at point (0, z ), whereas the second one represents the effect of an opposing current (negative sign) lying at point (0, −z − 2/γ 1 ). In other words, the effect of the substrate is represented in this approximation by a single image of the source line current. The image is located "inside" the substrate at a depth given by a complex number, hence the name "complex image." This method has been applied to VLSI interconnect extraction [6] , [7] , [15] . However, the above approximation is valid only when the separation of the observation point (x, z) from the source at (0, z ) is much larger than the skin depth [δ = 2/(ωμσ)] inside the substrate [8] . Table I indicates that the micrometersize separations of interest for VLSI interconnect impedance extraction are much smaller than the skin depth at 50 GHz for realistic values of substrate resistivity. Hence, this method, although suitable for computing the interaction of antennas with the earth (substrate), is not suitable for VLSI interconnects.
2) Rational Function Fit Method (RFFM): An alternative method for evaluating the substrate Green's function involves approximating it by a rational function that can be integrated analytically [9] . The rational function fit can uniquely be defined in terms of a set of K pole-residue pairs (A n , C n ):
The pole-residue extraction demands a nonlinear least square fit for every point (x, z) in space and is computationally expensive. Achieving accuracy within 1%-2% using this technique often requires a number of poles K on the order of 100 for each (x, z) point. The number of such points (x, z) must also be large. For these reasons, although this methodology can be applied for parasitic extraction of interconnects, it is computationally expensive and memory intensive.
3) DCIM:
The discrete complex images method (DCIM) [16] can be considered as an extension to the approximate complex image method (ACIM), which approximates g N (λ) using a number of complex images:
where each jth exponential term represents an image, and (b j , c j ) ∈ C. Both M and (b j , c j ) are the variables to be adjusted. The resultant integral has a similar form as that shown in (8) and can be evaluated analytically. The DCIM is the method of choice for evaluating the 3-D full-wave Green's functions for layered media [17] , [18] , which are known as Sommerfeld layered-media Green's functions [19] . However, finding a set of complex images (b j , c j ) that result in an accurate approximation to the Green's function remains a challenge [20] , [21] . The DCIM has been applied to VLSI interconnect impedance extraction in FastMaxwell [22] for single-layer substrate configurations.
III. GREEN'S FUNCTION FOR A MAGNETIC DIPOLE IN THE PRESENCE OF A CONDUCTIVE SUBSTRATE
The magnetic monopole Green's function leads to a PEEC [5] approach that has an unphysical long-distance behavior, with the inductance per unit length logarithmically decaying with wire separation, instead of the correct power law decay associated with closed current (loop) approaches [10] . The end result is dense and nondiagonal-dominant impedance matrices. In this paper, we are interested in computing physically measurable quantities, i.e., in terms of loop quantities, resulting in sparse impedance matrices.
We start from a Green's function corresponding to a closed elementary loop, i.e., a magnetic dipole. It has the correct longdistance behavior for the magnetic field and the correct lowfrequency behavior corresponding to MQS phenomena. It can be verified that it is the quasi-static limit of the Sommerfeld layered-media Green's function. Fig. 3 (b) schematically shows a vertical magnetic dipole in two dimensions (two parallel lines carrying opposing currents forming a current loop) above a three-layer substrate. The dipole is centered at (x = 0, z ) and is directed normal to the plane containing the two currents. The two line currents −I and I are located at (−a/2, z ) and (+a/2, z ), respectively, such that the diameter of the dipole is a. The magnetic vector potential A(x, z) due to this dipole satisfies the relation
A dipole is defined as the limit of the configuration in Fig. 3 (b) when a → 0 and I → ∞, such that the dipole moment per unit length
is constant [23] . Hence, the Green's function for the magnetic vector potential A ver 0,dipole due to a unitary vertical magnetic dipole (p = 1) satisfies the relation
Since there are no sources in the substrate, (2) remains valid. Using continuity at the interface boundaries between different regions, (13) for a unitary magnetic dipole situated at (0, z ) gives
The Green's function for a horizontal magnetic dipole can be derived in similar fashion, i.e.,
In general, g N (λ), which is the term characterizing the substrate contribution for an N -layer substrate, can be cast into the form shown in (5). The corresponding Q N (λ) functions become increasingly more complex as we increase the number of layers. For a single-layer substrate, Q 1 (λ) satisfies (6). The corresponding expressions for two-and three-layer substrates are
In (16) and (17), z 1 refers to the thickness of the top substrate layer, and z 2 refers to the thickness of the second substrate layer (in the case of a three-layer substrate), whereas the last substrate layer extends to −∞, as shown in Fig. 3(b) . The coefficients m i , which correspond to the i th substrate layer, are given by
Typical semiconductor chip substrates have two or three layers with different resistivity values [2] . Hence, the expressions presented so far encompass the relevant scenarios to characterize realistic process configurations. Next, we propose an accurate analytical approximation to the dipole Green's function in the presence of multilayer substrates.
A. Modified DCIM
In (14) and (15), the term containing g N (λ) prevents an analytical expression for the Green's function. Using the DCIM, g N (λ) can be approximated by a sum of complex exponentials (10), leading to the desired integrable form of the substrate Green's function. The main difficulty with the DCIM is the search for a suitable set of "complex images," c j , that gives accurate results. Our objective is to simplify the search for these complex exponentials.
We start with a new look at the form of the dipole Green's function in the presence of a substrate. For a single-layer substrate, with Q 1 (λ) given by (6), we can perform the following algebraic replacement:
This alternative exponential representation of g 1 (λ) naturally leads us to a separation of the coefficient 1/γ 1 , which constitutes the sole complex part of the exponent. The separation of this complex term allows us to approximate the expression g 1 (λ) using real coefficients α k . This is in contrast with the DCIM, which involves complex coefficients c j . Furthermore, we add coefficients β k to perform a linear combination of the complex exponentials and propose the following approximation:
Physically, approximation (20) has a similar interpretation to that of the DCIM. The k th term in the approximation constitutes an image of the dipole current source whose z-displacement is dependent on α k , as shown in Fig. 4 , whereas the coefficient β k modifies the magnitude of the image current.
From (20) , it is clear that α k > 0 ensures convergence. Moreover, since g 1 (0) = 1, it follows that k β k = 1 + j0. The nonlinear fitting algorithm we use finds an accurate approximation with the parameters (α k , β k ) that naturally satisfy these properties. We use MATLAB's built-in function "fminsearch" to determine the best fit to parameters α k and β k . The starting value of all parameters is set to 1. Since α k ∈ R, the search space for the set of "complex images" is smaller.
The number of images K determines the computational expense in finding the set of images (α k , β k ) and the accuracy of the approximation for a given substrate configuration. Large values of K lead to instabilities, making it difficult to find a good fit. In our experiments, we found that K = 5 gave the desired accuracy for the impedance (within 2% of the field solver) while keeping the computation time for the set of images (α k , β k ) within a few minutes.
Inserting (20) into (14) and (15), we obtain the following analytical expressions for the Green's functions:
We use the same replacement (20) for the two-and threelayer substrate configurations. Hence, for the general N -layer substrate
and expressions (21) and (22) remain valid. α k and β k are parameters that depend only on the substrate profile (resistivity, dielectric constant, and thickness of each layer) and the frequency of interest. Hence, the computation of these parameters constitutes a one-time cost for a given technology at each frequency.
B. Accuracy of the Modified DCIM and Comparison With Other Methods
Figs. 5(a) and (b) show that (20) provides a good approximation to the numerically computed value of g 1 (λ). The same approximation using the ACIM shows significant deviation. Given the oscillatory nature of the Green's function, the x-and z-separations are critical factors affecting the quality of the approximation besides the frequency and substrate parameters. We perform Monte Carlo simulations to evaluate the substrate Green's function G ver 0,dipole (21) over a wide range of frequencies and x-and z-separations. Fig. 5(c) plots the resulting error in the Green's function computation for a typical one-layer substrate. While the error using our method is always small, the ACIM sometimes gives much larger errors. This is because the ACIM is not valid for all x-and z-separations and frequencies, as explained in Section II. The cases with small errors are those in which the randomly chosen geometries are such that the effect of the substrate is small, and the error in the ACIM is not reflected in the overall Green's function.
The Monte Carlo results for typical two-and three-layer substrates are shown in Fig. 6 . In all cases, the analytical expression for the substrate Green's function shown in (21) provides an excellent agreement with the numerical calculation. Similar results are obtained for (22) .
Although several techniques have been proposed to implement the DCIM to approximate the 3-D substrate Green's function [20] , [24] - [27] , it still remains a challenging task [20] , [21] . Two features have been widely mentioned as limitations of the DCIM in the literature [20] , [28] . The first is the use of a uniform sampling rate in the spectrum variable λ, leading to either very fine sampling in λ or different DCIM parameterizations, to capture steep variations in the fitted function g N (λ) for typical multilayer substrates. The second is its sensitivity to the signal frequency interval.
To implement the DCIM for the 2-D quasi-static Green's function, we use the variable projection method [29] , which has been widely used for exponential fitting problems [30] . The sampling points in λ are user-defined, giving wide latitude for nonuniform sampling to account for the rapid variations in g N (λ). Moreover, the linear coefficients [b j in (10) or β k in (23) ] are uniquely determined once a solution to the nonlinear parameter least square problem is found. Hence, random starting values are needed only for the nonlinear parameters [c j in (10) or α k in (23)]. The residual errors and the computation time to perform the two fits (10) and (23) are compared in Fig. 7(a) and (b) as a function of the number of complex images. It is found that our method converges to an optimal solution faster and with greater accuracy than the DCIM. Fig. 7(c) shows that the results from our method are smooth as a function of frequency, a property not shared by the DCIM. Finally, Fig. 8 compares the Green's function computation using the DCIM and our method for the same number of complex images. The superior performance of our method stems from the fact that the search for exponential fitting parameters, which is in unconstrained complex space under the DCIM, is constrained to a search for real coefficients applied to a specific complex number [1/γ 1 in (23)] under our method.
In comparison with the rational function fit method (RFFM), the advantage of our method is in terms of computation cost. Computing the Green's function G(x, z, x , z ) using the RFFM involves the evaluation of the pole-residue pairs in (9) for each pair of points (x, z) and (x , z ). Impedance extraction of a Table II , we show the computation time for one element of the loop-impedance matrix shown in (34) . Here, we have used the discrete dipole approximation (DDA) [31] with ten discrete horizontal and vertical dipoles each, resulting in 10 × 2 × 2 = 40 computations for each impedance matrix element. Since the impedance matrix for a realistic interconnect configuration may require hundreds of such computations (the interconnect shown in Section V with 15 filaments per conductor requires 15 2 = 225 such computations), the cost of using the RFFM quickly becomes prohibitive. On the other hand, with our method, the complex exponential fit does not need to be repeated for every interconnect configuration. Hence, although the computation time for each fitting step with the RFFM may be reduced by trading off accuracy, this will not bridge the orders-ofmagnitude gap in impedance computation expense between the RFFM and our method.
IV. INTERCONNECT IMPEDANCE COMPUTATION USING THE GREEN'S FUNCTION FOR A MAGNETIC DIPOLE
We now address the problem of computing interconnect impedance for a set of interacting conductors in the presence of a multilayer conductive substrate. Since we solve the 2-D problem, the conductors are assumed to have a common length L. The general impedance extraction problem is schematically shown in Fig. 1 , where Loop1 denotes the source of the magnetic field, and Loop2 denotes the victim conductor loop. The self-impedance of each loop and the mutual impedance between the two loops in the presence of the multilayer substrate are sought. This section presents new analytical expressions to compute these impedances. The magnetic vector potential A(x, z) due to the source conductor loop is first computed in Section IV-A. These expressions for A(x, z) are valid for all separations. In Section IV-B, the mutual-and selfimpedance computation using these analytical expressions is explained for conductors with cross-sectional dimensions that are small enough to be represented as single filaments. Finally, Section IV-C discusses the computation for wide/thick conductors, which we discretize into multiple filaments to capture the internal skin effects.
A. Magnetic Vector Potential Due to a Finite-Size Conductor Loop
Green's functions (21) and (22) give the magnetic vector potential at point (x, z) due to a unitary magnetic dipole (p = 1) located at (0, z ). In the general case, the vector potential at (x, z) due to a finite-size magnetic dipole is obtained by integrating the Green's function times the source dipole moment density P (x , z ) over the coordinates of the source, i.e.,
It has been shown in [10] that, when the separations between the source (x , z ) and the destination (x, z) are larger than roughly five times the diameter of the source dipole [a in Fig. 9(a) ], the dipole can be approximated by a point source at its center. This is the "dipole approximation" (DA) [10] . Under this approximation, the magnetic vector potential is given by
where I denotes the current flowing through Loop1, a is the diameter of the dipole (the distance between the two conductors forming the loop), and p = (μ/2π)Ia is the dipole moment acting at point (x , z ), which lies at its center. This is schematically shown in Fig. 9(a) . Since the vector potential resulting from both horizontal and vertical components of the dipole moment p is directed along the third dimensionŷ, the value of the Green's function G(x, z, x , z ) in (25) is simply the algebraic sum of G hor 0,dipole and G ver 0,dipole . However, for the impedance extraction problem, it is important to accurately compute the vector potential when separations are on the order of, or smaller than, the diameter of the source dipole. In this scenario, the DA is no longer valid, and the source must be replaced by a continuous distribution of magnetic dipoles along the line joining the two ends of the source current loop. As shown in Fig. 9(b) , each infinitesimal magnetic dipole located at (x , z ) is resolved into its vertical and horizontal components with diameters dx and dz and dipole moments (μ/2π)Idx and (μ/2π)Idz , respectively. The vector potential is then given by
Employing (21) and (22), analytical expressions for A ver cont and A hor cont are obtained, and are shown in the Appendix. These expressions allow us to evaluate the magnetic vector potential at any point (x, z) due to the (2-D) current loop formed by a pair of conductors in the presence of a multilayer substrate. A discretized form of the continuous dipole distribution in (26) has been presented in [31] . The analytical expressions derived here eliminate the need to compute the Green's function multiple times for a discrete set of dipoles, leading to a significantly more efficient computation.
B. Impedance Extraction of Single-Filament Conductor Loops
We now address the problem of mutual-impedance computation between a source magnetic dipole and the current loop formed by a pair of conductors with common length L. The mutual inductance per unit length can be computed as
where ψ denotes the flux due to the source magnetic field integrated over the area subtended by the victim conductor loop. The mutual inductance is a complex number [13] . The real part of M captures the reactive losses due to the magnetic interaction between the source and the victim loop, whereas the imaginary part captures the resistive loss due to the eddy currents generated inside the substrate as well as in the victim loop. Accordingly, the mutual impedance Z = jωM also has real and imaginary parts. In (27) , the flux linkage ψ can be computed as
where the contour integral is performed over the coordinates of the victim conductor loop. For the 2-D problem considered here, the victim loop consists of the forward and return conductors, each of length L, where L is much larger than the separation between them. Each of these conductors is located at a point in 2-D space (see Fig. 1 ), with its length oriented along the third dimensionŷ [same as the direction of the vector potential A( r)]. Hence, the integral in (28) reduces to
A(r 1 ) and A(r 2 ) can be computed by (26) using the analytical expressions shown in the Appendix. Substituting (29) in (27) gives
Note that current I in (26) and (30) cancels out, and, as expected, the resultant expression for inductance is a function of geometrical parameters only. When computing the self-inductance of a loop, the victim conductor loop coincides with the source loop. In such cases, when the center-to-center distance between two conductors is zero, the correct way to compute the mutual impedance is to use the geometric mean distance (GMD) [32] . The GMD of a rectangular cross-sectional conductor with respect to itself is given by [32] d = e log(w+t)−3/2 (31) where w and t are the width and the thickness of the conductor filament, respectively. Hence, the loop self-inductance is given by (b) Self-impedance |Z self | of a conductor loop in the presence of a two-layer substrate as a function of frequency. The two-layer substrate configuration is the same as in Fig. 6(a) ; number of complex images K = 5 for each conductor width w = 0.1 μm and thickness t = 0.1 μm (one filament per conductor).
where d s 1 and d s 2 are the GMDs corresponding to the filaments s 1 and s 2 , respectively. The loop self-impedance is then given by
where
) is the static resistance of the forward and return paths of the loop. As mentioned previously, another dynamic contribution to the resistance due to magnetic effects is embedded within jωM self as the imaginary part of M self . Fig. 10(a) shows the mutual impedance per unit length for different separations between two single-filament conductor loops, which is computed using the above analytical expressions compared with the field solver [4] . Fig. 10(b) shows that the self-impedance of a loop formed by a pair of conductors (with and without the substrate) calculated using the above analytical expressions has less than 1% error as compared with the field solver [4] . The conductor cross sections are chosen to allow a single-filament representation of each conductor. The results are accurate both in free space as well as in the presence of the substrate.
C. Impedance Extraction of Realistic Multiple-Filament Conductor Bundles
In case of wide/thick conductors with cross-sectional dimensions that are comparable to the skin depth at the frequency of concern, the computation is performed by dividing each conductor into filaments. Moreover, a signal wire may often have more than one nearby ground wire acting as its return path. We consider the collection of a signal wire (decomposed into multiple filaments f 1 to f m ) and its neighboring ground wires (decomposed into filaments g 1 to g n ) that constitute its return path. Every filament in the signal wire forms a loop with every filament in the corresponding return wires, resulting in m × n single-filament conductor loops. Such a collection of loops formed by the multiple filaments in a signal wire and its return paths is called a bundle. An example is shown in Fig. 11 , where Bundle1 has D 1 = m × n loops, and Bundle2 has D 2 = p × q loops. The first step in computing the impedance of such bundles composed of multiple loops is to compute the loop-impedance matrix. The diagonal elements of matrix Z self i are the loop self-impedances computed using (33) . The off-diagonal terms jωM ij are the mutual impedances between loops computed using (30) . Each i th loop in a bundle carries a fraction η i of the total current I flowing through it. Once the loop-impedance matrix has been computed using the expressions derived previously, the coefficients η i can be found by solving the following Kirchhoff's equations:
From the system of equations (34), the loop self-impedance of a bundle can be found as Z = I −1 . For the two bundles shown in Fig. 11, index d 1 (d 2 ) runs over D 1 (D 2 ) constituent loops of Bundle1 (Bundle2). The loop self-impedance of Bundle1 (or Bundle2) and the fraction of current η d 1 (or η d 2 ) carried by each of its constituent loops can be found using (34) .
The mutual impedance of Bundle1 with respect to the d th 2
loop in Bundle2 can be expressed as
is the mutual impedance between the d th 1 loop in Bundle1 and the d 2 th loop in Bundle2. The computation of mutual impedances between these single-filament loops has been explained in Section IV-B. Finally, the net mutual impedance between Bundle1 and Bundle2 can be computed as
V. RESULTS
Here, we demonstrate the accuracy and the computational efficiency of our impedance extraction method, which is based on the 2-D MQS assumption, in the presence of a multilayer conductive substrate. The reader will note that the impedance computation involves integrals of a highly oscillatory Green's function, as shown in (14), and a further integral over the source dipole, as shown in (26) . Both integrals may have significant cancellations depending on the interconnect geometry. Hence, it is not feasible to directly estimate the error Fig. 12 . Self-impedances of two multiple conductor bundles in the presence of a three-layer substrate. Each conductor has width w = 1 μm and thickness t = 0.5 μm (5×3 filaments per conductor); number of complex images K = 5. The maximum error in |Z self | is 1%.
in the impedance computation from the error in the Green's function. To verify the accuracy of our approach, Section V-A shows the comparisons with the 3-D electromagnetic field solver FastHenry [4] , as well as the commercial full-wave field solver High-Frequency Structure Simulator (HFSS) [33] , for a wide range of realistic VLSI interconnect configurations. The computational efficiency of our method, due to the analytical expressions for the substrate Green's function, is shown in Section V-B through comparisons with 3-D (FastHenry) and with 2-D PEEC-based [5] computation. Note that, in all the examples shown, each conductor is discretized into the same number of filaments with our method as that with FastHenry or the PEEC to capture skin and proximity effects.
A. Accuracy   Fig. 12 shows the frequency-dependent loop self-impedance for two bundles composed of 1-μm-wide conductors in the presence of a three-layer substrate. The self-impedance computation shows a maximum 1% error in the magnitude of impedance in comparison with FastHenry across the entire frequency range.
When wide and thick conductors are discretized into multiple filaments to capture the skin and proximity effects, the relative positions of the filaments that comprise the conductor loops will not conform to the discrete positions occupied by conductors on individual metal layers. As an example of such a scenario, Fig. 13 shows that our method gives a small error (< 1.5%) for an arbitrary configuration of multiple conductors in the presence of a three-layer substrate. Fig. 14(a) -(c) plots the self-impedance and the mutual impedance of two conductor loops on different metal layers. The vertical separation of the conductors above the substrate is chosen such that the effect of the substrate on the self-impedance and the mutual impedance is significant. The dashed lines in Fig. 14(d) show that the substrate causes as much as 20% variation in the impedance. It is found that our method captures the effect of the substrate on interconnect impedance with high accuracy (solid lines show errors less than 2%) in the entire frequency range of interest for digital circuits .
We now compare the network Z-parameter Z in for a conductor loop to that obtained from the commercial full-wave field solver HFSS [33] . The Z in parameter is computed by using a Spice distributed transmission line model, wherein the 15 . Impedance Z in of the one-port network formed by a (inset) closed conductor loop above a three-layer substrate, compared with HFSS [33] . The MQS impedance obtained using our method is combined with capacitance from FastCap [34] using a transmission line model in Spice to obtain the Z in parameter. Conductor width 1 μm; thickness 0.5 μm.
resistance and the inductance per unit length are computed by using our method, and the capacitance is obtained from FastCap [34] . The geometry simulated with HFSS is shown in Fig. 15 (inset) . The conductor loop is closed by including additional metal strips at the far and near ends of the loop. The effect of the additional metal is insignificant since the length Fig. 15 . The maximum error observed in the magnitude of Z in for this configuration is less than 2%. Note that, for frequencies beyond 60 GHz, the results from the HFSS become unstable for the configuration shown.
In the subsequent paragraphs, we compare the accuracy of our impedance extraction methodology with FastHenry for several typical interconnect geometries. Fig. 16 shows the impedance for a common configuration, where both the signal lines s 1 and s 2 share the three ground return paths g 1 , g 2 , and g 3 to form two bundles: s 1 −g 1 g 2 g 3 and s 2 −g 1 g 2 g 3 . Our results for the self-impedance and the mutual impedance show good agreement with FastHenry. Fig. 17 shows the impedance computation results for a realistic global interconnect geometry at the 45-nm node [35] . The interconnect geometry parameters and the configuration are shown alongside. In this case, the error with respect to FastHenry is less than 1%. Fig. 18 shows a long Manhattan wire with orthogonal segments running on adjacent metal layers M10 and M11 along with a regular grid of ground wires. Each segment of the signal line is routed in close proximity to a segment of the ground grid on the corresponding metal layer-a common design for timing-critical global interconnects to control inductive effects. The mutually perpendicular segments of the Manhattan wire are decoupled (for example, segments AB and BC). On the other hand, the mutual impedance between far-apart parallel segments AB-CD (or between BC and DE) can be neglected because of the large separation (100−200 μm) between them. Fig. 18 . Impedance of a Manhattan interconnect laid out on metal layers (blue) M10 and (orange) M11 above a three-layer substrate. A grid of ground wires provides nearby return paths to each wire segment. The interconnect geometry parameters are as per global wires at the 45-nm node [35] . Hence, we can separately apply our approach to each linear segment (AB, BC, CD, and DE) to obtain the impedance of the Manhattan wire. As shown in Fig. 18 , our results have a maximum error of about 2% over the entire frequency range of interest.
We run Monte Carlo simulations for a large number of randomly generated interconnect geometries for global wires at the 45-nm node [35] over a wide range of frequencies. The results are shown in Fig. 19(a) . The maximum error observed is 2.33%.
B. Computational Efficiency
Our method for impedance computation is based on the analytical expressions for the substrate Green's function, wherein the substrate boundary conditions are implicit. The only filaments that need to be considered in the solution are those corresponding to the interconnects themselves. On the other hand, both FastHenry and the 2-D PEEC method used for comparison are based on the free-space Green's function. Hence, the substrate layers must be included as explicit conductors. At relevant high frequencies, these layers must be discretized into a large number of filaments, resulting in a large linear system of equations. Table III compares the computation time with FastHenry to that with our method for impedance extraction. The number of filaments for representing the substrate in FastHenry is chosen by progressively increasing the number of segments in the substrate layers until the result stabilizes. It is observed that the accuracy levels achieved with our method are accompanied by almost two orders of magnitude reduction in computation time.
Since FastHenry is applicable to general 3-D interconnect geometries, we also compare our 2-D method with 2-D PEECbased computation in Table IV . The number of filaments in the substrate for the 2-D PEEC must ensure that the filament cross-sections are smaller than the skin depth at the specified frequency. As the thickness of the low-resistivity top layer of the substrate increases to a few micrometers [3], the computation cost with the 2-D PEEC substantially increases due to the larger number of filaments required. On the other hand, with our method, a change in the substrate layer thickness only demands the evaluation of a new set of substrate images while the impedance computation cost remains constant. Hence, Table IV shows orders-of-magnitude improvement in computational efficiency by using our method.
Finally, the speedup observed from Monte Carlo simulations on a large number of randomly generated interconnect geometries is shown in Fig. 19(b) . The minimum speedup observed in the self-impedance computation with respect to 2-D PEEC-based computation is 15.
VI. CONCLUSION
A general methodology has been presented for selfimpedance and mutual-impedance extraction of VLSI interconnects in two dimensions in the presence of a multilayered conductive substrate. This approach is based on the Green's function for a magnetic dipole, which naturally leads to current loops giving the correct physical representation for onchip conductor currents. The relevant regimes of distances and frequencies are covered. The resulting equations (21), (22) , (26) , (30) , (32)- (34) , and (36), as well as those shown in the Appendix, are simple analytical expressions depending on parameters that can easily be extracted from real exponential least square fits to known formulae. The suitability of this approach for massive extraction problems is self-evident. The proposed method is significantly more accurate than the ACIM, more efficient than the RFFM, and much simpler to realize than the DCIM. In addition, a continuous dipole distribution has been employed to compute the magnetic interaction between conductor loops at very small distances from the source current distribution. This approximation allows us to directly apply the dipole Green's function to self-impedance and mutualimpedance computation. The results show that this approach accurately computes the impedance of VLSI interconnects in cases where the substrate is found to have a significant impact. The approach is applicable to VLSI interconnects, where the conductors have a common length that is much larger than the transverse separations between them. Its suitability for realistic VLSI interconnect configurations subject to this constraint has been shown through a wide range of examples. The saving in computation time as compared with the electromagnetic field solver FastHenry is almost two orders of magnitude. 
